A simple exact-exchange density-functional method for a quasi-twodimensional electron gas with variable density is presented. An analytical expression for the exact-exchange potential with only one occupied subband is provided, without approximations. When more subbands are occupied the exact-exchange potential is obtained numerically. The theory shows that, in contradiction with LDA, the exact-exchange potential exhibits discontinuities and the system suffers a zero-temperature first-order transition each time a subband is occupied. Results suggesting that the translational symmetry might be spontaneously broken at zero temperature are presented. An extension of the theory to finite temperatures allows to describe a drop in the intersubband spacing in good quantitative agreement with recent experiments.
Density-functional theory (DFT) [1] has been one of the most successful approaches to the problem of interacting particles. The use of the local-density-approximation (LDA) [2] of DFT and related approximations has been widely applied to the study of atoms, molecules, clusters, nuclei, and condensed matter systems. [3, 4] At the same time, steady improvements on the experimental techniques have made possible the production of a great number of semiconductor artificial structures that confine the 3D electron gas in one or more dimensions. In particular GaAs/Al x Ga 1−x As heterostructures have attracted intense attention, because they are particularly well grown, their conduction band is simple to describe, and they allow the continuous change of the electron density. Because typical 3D electron densities in the quantum well (QW) are very small, the conduction band dispersion can be approximated, without significant error, by a second order expansion around the minimum (effective-mass approximation). [5] As a consequence, the effective electron gas formed in the nanostructure can be treated in the frame of Kohn-Sham [2] DFT. All the theoretical techniques developed around DFT and its approximations, such as the LDA, time dependent LDA (TDLDA), spin-density LDA (LSDA) can be tested in these structures which are much easier to modify and control than natural materials [5] . Therefore, semiconductor nanostructures offer the possibility to test over a broad range of conditions the validity of the theoretical tools that are used to describe matter in general.
In this paper we present an approach that goes beyond LDA: an exact-exchange [6, 7] density-functional theory for the case of a quasi-two-dimensional electron gas (2DEG). Because we study a metallic system with several subbands occupied, our theory is different than previous exact-exchange (XX) procedures aimed to the study of atoms [6] or bulk semiconductors [7] . Moreover, the number of particles is not fixed but it is allowed to fluctuate [3] . When a single subband is occupied we provide an analytical expression for the XX potential without approximations. When more subbands are occupied the XX potential is obtained up to numerical precision. The implementation of the method is simple enough to replace the state of the art method for 2DEG which is currently based in the LDA. [8] We prove that the XX potential is, in general, a discontinuous function of the density which can not be accounted by LDA. Therefore, the XX approach yields qualitatively new physics: at zero temperature a first-order transition occurs every time a new subband is occupied. In the transition region, the theory suggest a new phase in which the translational symmetry of the system might be broken. An extension of the theory to finite temperatures allows us to describe a drop in the intersubband spacing when the first-subband is occupied in good quantitative agreement with recent experiments [9] . This theory can be applied to any system with translational symmetry in a plane. For instance, a QW grown epitaxially as shown schematically in Fig. 1a . In these systems, it is possible to confine an electron gas changing the semiconductor in the growth direction z. If the larger gap semiconductor is doped with donors, it provides electrons to the trap formed by the smaller gap semiconductor, until the charge-transfer field equilibrates the chemical potentials in the QW and the doped region (see Fig. 1b ). The charge transferred from the doped reservoir to the QW can be tuned by an external electric field [9] . Assuming translational symmetry of the 2DEG in the x − y plane (area A), and proposing accordingly a solution of the type φ ikσ (r) = exp(i k · ρ)ξ 
given as sum of the external, Hartree, local XX, and correlation potentials, respectively.
The external potential is given by the sum of the epitaxial potential plus any external electric field. The zero-temperature 3D electron density n(z)
, n(z, σ) being the fraction of σ polarized electrons. µ is the chemical potential (or Fermi level) of the system, which is determined by the electrostatic and thermodynamic equilibrium with a reservoir. V H (z) is the solution of the Poisson equation. We approximate the correlation potential V c (z, σ) as a function of the local spin density [10] . It remains to define the XX potential V XX .
The exchange energy E X [n(z, σ)] of a 2DEG can be obtained through a Slater determinant constructed with the (occupied) self-consistent solutions of Eq. (1), as follows
where ϕ
is the step function, and J n (x) stands for the cylinder Bessel function of order n. The XX potential V XX (z, σ) can be obtained from
The first term in the r.h.s. of Eq.(3) comes from functional derivatives with respect to the "shape" of the wave function [7] , while the second term is a result of changes in the occupation of the subbands and has not been considered in previous XX treatments for fixed particle-number systems.
is the inverse of the operator
Fermi occupation factor [11] . The first term in Eq.(4) comes from first-order perturbation theory [12] , whereas the second term results from first-order perturbation theory and the thermodynamic equilibrium between the 2DEG and the reservoir that fixes a common chemical potential µ allowing the change of the number of particles. Indeed, without this second term, the operator χ σ (z, z ′ ) in general cannot be inverted because it is singular [6, 7] . Eq. (3) could be brought to an alternative expression, which allows the discussion of our approach in the context of the Optimized Potential Method (OPM). [13] For this, we multiply Eq. (3) by χ σ (z, z ′ ), and integrate over all z. Proceeding this way, it could be rewritten as its solution in the one-subband case i = 0 is immediate:
in Eq.(5) and solving for C, we found
Using Eq.(6) it can be shown that
, with E X given by Eq. (2), N σ = dr n(z, σ) the total number of electrons with spin σ, and µ 
in Eq.(5) one obtains an explicit solution for V XX (z, σ), which will be given elsewhere. [16] For the one-subband case, the KLI approximation leads to the exact result, given by Eq.(6).
But for the multi-subband case (i 1), and because of the second term in Eq.(5), the explicit solution for V XX (z, σ) becomes ∆ ε σ dependent, in contrast with the situation for atoms and molecules. [13] As proceeding along this line of work would had forced us to introduce a new and unknown scale of energy (∆ ε σ ), we studied the multi-subband case by directly solving Eq.(4). The fundamental ingredient for this direct approach is an analytical limit for
For T = 0 and in the case where only the ground state subband is occu- (4) and (5),
Therefore, the inverse χ σ , the XX potential must change discontinuously:
Therefore, the wave functions, the total electron density, and the total energy cannot be continuous functions of µ and the discontinuity ∆V potential is a continuous function of the density. Self-consistent effects, in some conditions, can generate first-order transitions within LDA [8] . But in XX theory, in contrast, a second order transition will be an accident and, in general, first-order transitions are expected when µ crosses a subband energy at zero temperature. [18] In Fig.3 The LDA calculation gives a continuous curve but there is a discontinuity in the derivative of E 01 when the first-excited subband is occupied (which implies a second order transition).
The zero temperature calculations with XX theory give a remarkable result: there is a window of densities where a self-consistent solution is not achieved because it corresponds to the Case II discussed above. Our interpretation of this window, where it is not possible to find a self-consistent solution under the assumption of translational invariance, is that this symmetry must be broken in the ground state. Thus in this density region a new broken symmetry phase might exist at low temperatures.
Consideration of finite temperatures in Eq.(4) introduces smoothly the discontinuity in
This allows us to achieve a self-consistent solution for all densities (although the numerical convergence becomes unstable in some cases). As the density increases, the occupation of the first-excited subband cannot be avoided and
F generates a sudden drop in E 01 . This new solution is also stable at lower densities. Accordingly, there is a range of densities where it is possible to find two solutions.
A first-order transition occurs when the free energies of the two solutions cross; detailed temperature-dependent calculations will be reported elsewhere. From Fig.3 we can estimate the drop on E 01 considering the energies in the density range where the two solutions exist:
∆E 01 = 2.4 ± 0.4 meV, which is in very good agrement with the measurement of 3.5 meV reported by Goñi et al. [9] .
In summary we have extended the KS-DFT for 2DEG beyond the state of the art method based on the LDA. Our theory allows to obtain an exact exchange potential without approximations up to numerical precision, while correlations are considered in the LDA level.
The theory satisfies known limits and theorems. The theory predicts first-order transitions every time a new subband is occupied and suggest that for some systems at zero temperature the translational symmetry might be spontaneously broken. 
